The sets of the lattice equations, which generalize the Toda lattice equations, and their Lax pairs are presented. The multi-soliton solutions are constructed.
Introduction
The first difference-differential system, which was investigated by applying the methods of the theory of solitons, was the famous Toda lattice [1] σ k = e σ k+1 − σ k − e σ k − σ k−1 .
(1)
This system describes the behaviour of the particles interacting with the nearest neighborhoods. The complete integrability of the Toda lattice in periodic and infinitely dimensional cases was established in works [2] and [3] . The development of the theory of solitons has led to different generalizations of Eqs.(1) (see, e.g., [4] ). Recent achievements in studying the integrable equations have caused significant interest in searching for new lattice equations [5, 6, 7] . In this Letter we generalize the Toda lattice equations on the case of the system of particles, whose motion are immediately affected by a finite number of nearest neighborhoods. The Lax pairs of the lattice equations of the Toda type are given. The Darboux transformation technique is used to construct the soliton solutions.
Lattice Equations
Let us consider two infinite sets (l ∈ N) of the lattice equations
Here C is arbitrary constant. Eqs.(2) with l = 1 are reduced to the Toda lattice equations (1). The Belov-Chaltikian lattice [8] is equivalent to Eqs.(3) with l = 1. The lattice equations presented admit in periodic case (σ k+n = σ k , n is a period) additional reduction constraints :
(k = 0, ..., m). A connection of these constraints in the Toda lattice case with the root systems of semisimple Lie algebras was established in [9] . It is remarkable that Eqs.(2,3) with arbitrary l are represented as the compatibility condition of overdetermined linear systems (Lax pairs) [10] . Lax pair for Eqs.(2) has form
where z and λ are complex parameters and
Here
. Although one can put λ = 1 in infinitely dimensional case without loss of generality, it is convenient for further consideration to keep this parameter.
Multi-Soliton Solutions
The Cauchy problem of Eqs. (2, 3) in infinitely dimensional case can be solved for a class of initial values in the frameworks of the inverse scattering transformation method [11, 12] . The soliton solutions of integrable equations, whose scattering data contain by a definition only the discrete part, are well known to be constructed by means of purely algebraic methods. Below we obtain the soliton solutions of the lattice equations of the Toda type by applying the Darboux transformation technique [13] .
Eq.(2) and its Lax pair (4) are covariant with respect to Darboux transformatioñ
where ϕ k is a solution of system (4) for some values of parameters z and λ. If we carry out N iterations of this transformation on solutions ϕ (j) k (j = 1, ..., N) of Lax pair (4) with z = x (j) and λ = µ (j) , then new (transformed) solution of Eqs. (2) is
.
(8)
Here we use notation W (ϕ 
where χ k solves Eqs. (5) . Let functions χ 
Let us consider the zero background (σ k = 0). The Lax pairs solutions, which enter the formulas of iterations of the Darboux transformations, are represented in the following manner
where α (j) m (m = 1, ..., 2l) and β (j) m (m = 1, ..., 2l + 1) are respectively the roots of equations
C (j) m and D (j) m are arbitrary constants. Substituting (12, 13) into Eqs. (8, 11) gives N-soliton solutions of Eqs.(2,3) .
The one-soliton component of the multi-soliton solution of Eqs.(2) is characterized by 2l parameters: x (j) and 2l − 1 constants from set C (j) m (m = 1, ...2l). If we put
then an interaction of the solitons from this subvariety of the multi-soliton solution causes their shifts only. Assuming
is the velocity of the one-soliton component, we obtain that j-th one-soliton component suffers shift
after the interaction with k-th component. Since µ (j) can differ by the sign for fixed set of the Eq.(14) roots, Eqs.(2), as the Toda lattice equations, have the solitons propagating on the lattice in both directions. The one-soliton component of the multi-soliton solution of Eqs.(3) is completely described by parameter y (j) and 2l constants from set D (j) m (m = 1, ...2l + 1). If only two constants D (j) m for any j are unequal to zero, then an interaction of solitons leads to their shifts. The expressions for the solitons shifts differ from ones for Eqs.(2) by the notations (compare Eqs. (12) and (13)).
Concluding remarks
An integration of Eqs. (2, 3) in the frameworks of the inverse scattering transformation method implies a study of the properties of the solutions of corresponding Lax pairs. This may meet difficulties because, in particular, the explicit expressions for the roots of Eqs. (14, 15) for arbitrary l are absent. Also, it is interesting from the point of view of the r-matrix approach to the integrable equations [14] to find the hierarchies of the Poisson structures for the sets of the equations considered.
